However, in addition to presenting an alternate to the WienerHopf factorization method, we will construct results not obtainable by that method; namely a complete spectral representation of selfadjoint operators of the given form. That is, we will construct a direct integral Hubert space 3C* which will be characterized in terms of an integer-valued Lebesgue measurable multiplicity function, w(£), which we will exhibit explicitly, and an isometric mapping of the basic Hilbert space onto 3C* given explicitly by a sequence of m(£) integral operators whose kernels are generalized eigenfunctions of L ; furthermore we will exhibit the transformation inverse to S explicitly as a sum of integral operators acting on the components of 5C*.
These results will be obtained through a simple reduction to the author's previous work on Barrier Related Spectral Problems [l], [2], [3], and we will not require, as it is customary in the standard Wiener-Hopf procedure that k(t) =0(e _a|<l ) for some a>0 or that k(t) is real and continuous except for a finite number of jumps [4] . 2 Finally, after exhibiting our method, we will show for a particular standard example how the textbook solutions can be recovered from our formulation.
Assumptions and basic definition. We will require Hermiticity throughout; namely, kif) = fe( -/)~, and, in addition, we require that k(t) and |fe(0| 2 b e absolutely integrable. For simplicity, we also require that &(\), the Fourier transform of k(t), be nonnegative.
Reduction to canonical form. Let P be the orthogonal projection from L 2 (-00, a)) onto L 2 (0, 00) such that PROOF. By the Paley-Wiener theorem $Px is the limit in mean and almost everywhere of an analytic function $(z) such that ƒ *oo|3>(#+:y)| 2 dx<constant, 0<^<co. Furthermore, we may express $(2) in terms of its boundary values as:
from which the desired conclusion follows.
It is now clear that LEMMA.
Ly(\)
L is now in the form of a special example out of a class of operators for which the author was able to develop a complete spectral theory
Let H be the Hubert space which arises by completion out of the continuous functions on ( -00, 00 ) with respect to the norm derived from the scalar product
The operator L on H defined by setting Lx(s) = Pf u k(s -t)x(t)dt is self-adjoint on H.
PROOF. <y, Lx) = (j&gy, gLg-^x) = (k%y 9 L%x) = (Ly, x). REMARK. This construction shows that the only change which arises when the more general integral operators of (2) are studied on ( -oo, oo ) rather than on a set of finite measure is that in the infinite case a trivial eigenmanifold of infinite multiplicity may exist. The absolutely continuous part of these operators is still given by the formulae developed in (2).
We turn to a construction of the generalized eigenfunctions of L. Let
LEMMA. There exists a one-parameter family of positive purely singular measures of finite total mass, dM^( ), defined on the Borel sets of the real line and a positive function A (£) such that
Define {P^Qx)} to be a complete orthonormal set in L%(dM^Qj)). The standard Wiener-Hopf theory proceeds by factoring 1 -(27r) 1/2 l(X) (7). Let us apply our formulae instead. After an integration by parts we may write ^-(l/7-l) 1 ' 2 i i n ) ln(w -z) du> . ^ + i u -^J j Now taking 0<Re /rgl and Im l sufficiently small we can evaluate the above integral by residues, obtaining:
